1.)

2)

3)

4.

5.)

6.)

7.)

8.)

9.)

Trigonometrische Formeln

sin’ p+cos’ p=1; tangp-ctgp=1; secp-cosp=1

cosecp-sinp=1, sec’ p-tg’p=1; cosec’p—cotg’p=1

sinvers p+cosp=1; cosversp+sinp=1

2 gp 1 _
sin p =4/l—cos” p = —= —=
\/l+tg p \/1+ctg p
2
N -1
sec” p—1 _ 1 —cosptap

sec p cosec p

cos p =4/l—sin® p = ! ___ctgp

\/l+tg2p _\/l+ctg2p B

1 4/cosec 2p—l

sec p cosec p

=sin p-ctg p.

sin p 1—cos® p 1

J1-sin® p cosp cotg p

1
Jseel p—1=—o——.
er j/cosec -1

Jl-sin®p  cosp 1

cotg p = = = =
&P sin p J1-cos’ p tangp
1
—— = Jcosec *p—1.
\Jsec” p—1
1 1
sec p = = =\l+tg’p =

Jl+sin® p cosp

1+ctg2p cosecp _ tgp

ctgp \Jcosec *p—1 sinp
1 Jl+tg’p

1
cosec p = = =

sinp J1-cos® p - tgp
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11.)
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13.)

14.)
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16.)
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18.)
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22)

23)

24.)

secp ctgp
Jl+ctg’p = = .
°F \sec’ p—1 cosp

sinvers p=1-cos p = 2sin2§

cosvers p=1-sinp = 2sin2(45°—§)

sin£— l—lcos ; cosl = l+lcos
2 N2 TP O PTA TP
1 )

sin p 1 sin p
tg—p=——"—; cotg—p= .
g2p I+cosp g2p I-cosp

sin p+cos p =4/1+sin2p =cos(45—p)-\/§

cos p—sin p =,/l-sin2p :sin(45°—p)-\/§

tg p+ctgp=2cosec2p; ctgp—-tgp=2ctg2p

Trigonometrische Formeln

l+sinp:2sin2(45°+%p) l—sinpzzsin2(45°_%p)

l+sinp l+sinp

tg2(45°+%p) tg2(45°+%p)

I—sin p cos p

V8P _(g@sor p) 18P _ig(4aso-p)
I-tgp I+tgp

sin(30°+ p) = cos p —sin(30°— p)
cos(30°+ p) =cos(30°— p)—sin p
sin(60° — p) =sin(60°+ p)—sin p
cos(60° — p) = cos p —cos(60° + p)

2sin’* p=1-cos2p
4sin’ p =3sin p—sin3p
8sin® p=cosdp—4cos2p+3
16sin’ p =sin5p —5sin3p+10sin p
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25)

26.)

27.)

28.)

29.)

30.)

31.)

32.)

33.)

34.)

35.)

2cos’ p=1+cos2p
4cos’ p=cos3p+3cosp
8cos’ p=cosdp+4cos2p+3
16cos’ p =cos5p—5cos3p+10cos p

sin2p =2sin pcos p
sin3p =3sin p-cos® p—sin’ p
sindp = 4sin p-cos p(cos’ p—sin® p)
sinn p =sin(n—1) p-cos p+cos(n—1) p-sin p

cos2p =cos’ p—sin’ p=2cos’ p—1=1-2sin’ p
cos3p =cos’ p—3sin® p-cosp
cosdp =cos* p—6sin’ p[-]cos’ p+sin® p
cosn p=2cos(n—1)p-cos p—cos(n—2) p

sin(p +¢q) =sin pcosq +cos psing

sin(p —g) =sin pcosq—cos p-sin p

Trigonometrische Formeln

cos(p +q) =cos p-cosq —sin p|-|sing
cos(p —q) =cos p-cosq +sin p|-|sing

t +t ct +ct
te(p+q)= gp+tigq _ ctgp g4
I-tgp-tgqg ctgp-ctgg—1

t —t ctgg —ct
te(p—q)= gpr—18q _ gqg—cigp
I+tgp-tgg ctgp[-]ctgq+l

ctgp-ctgg—1_1-tgp[]teq
ctg p +ctgq tgp+tgq

ctg(p+q)=

ctgp[]ctgg+1 1+tgp-taq
ctgqg —ctgp tgp—1tgq

ctg(p—q)=
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36.)

37.)

38.)

39.)

40.)

41.)

42.)

43))

44.)

45.)

46.)

47.)

48.)

49)

) . 1 1
smp-smq=Ecos(p—q)—5cos(p+q)
1 1
cosp-cosq=Ecos(p—q)+5cos(p+q)
. 1. 1 .
smp-cosq:551n(p+q)+551n(p—q)
. 1. 1.
cosp-smq=Es1n(p+q)—551n(p—q)
. . .1 1
smp+smq=2s1n5(p+q)-c055(p—q)
. . 1 .1
smp—smq=2c055(p+q)-s1n5(p—q)
1 1
cosp+cosq=2cosE(p+q)[-]cosE(p—q)

cosg —cos p =2Sin%(p+q)-sin%(p—q)

sin(p +¢) sin(p—q)
tgp+tgg=—-""""; tgp—tgg=——"7-"—"—"-—
sprisd CoS p-Cosq sp—isd COS p-COosq
cotp+cotq=s_Hl(p—w; cotp—cotq=m
sinp-sinq smp-sinq
cotp+tgq:—FOS(p_q) ; cotp—tng—c.os(ijq)
sinp[-]cosq sinp-cosq

sin p +sing _ tel(p+q)

1 1
=tg—(p+q)[-]cot=(p—
S p_sing iz (p—q) g5 (p D[] 5 (P-)

cosp+cosq cot3(p+q)

1 1
=cot—(p+q)|:|cot—(q—
cosp—cosq tgi(qg—p) 2(p q)[] 2(q P)

Trigonometrische Formeln

sinp+sing _ €os p—cosq

1
. —=tg=(p+q)
COsp+cosq sing—sinp 2
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50)

51)

52)

53)

54)

55)

56)

57)

58)

59)

60)

61)

62)

sinp+sing _ cosqg+cosp

1
. . cot—(q—-p)
COsSp—cCcosq sing-—sinp 2

tgp+tgg cotp+cotq sin(p+q)
tgp—tgq cotq—cotp sin(p—gq)

tgp+tgg _ tgp—tgqg

=tgp-t
cotp+cotq cotq—cotp sprsd
tgp+00tq=Cth_tgp=tgp-cotq
cotp+tgg cotp—tgq
tgp+t
cotp—tgq
t
wzcotq.tg(p+q)
cotp—tgq
tgp—t
cotp+tgq
tq—
COta=CotP _ otq-ta(p—q)
tgg+cotp
cos(p —
l+tgptgg =—2L=D | _ygpigq-
CoS p-Ccosq COS p-Ccosq

sin(p +q)-sin(p —q) =sin®> p—sin’ g =%0052q—%c0s2p

cos(p +q)[-|cos(p—g) =cos’ p—sin’g =%cos2q—%sin2p

sin(p+q)[-]cos(p -q) :%sin2p+%sin2q

sin(p—q)[-]cos(p +q) :%sin2p—%sin2q

(m)o _(m)z tang2u+(m)4 tg4u—(m)6 tg6u+---

(m), tgu—(m), tg’ u+(m) tg’ u—---

cos(p+q)
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Kettenbriche
a 1
51" T =K.9--9,) (K-1)
q,+
q,+
b 1
;zKl =E=K1(O,q,ql...qn) (K-2)

1.) Jeder gem. Bruch ist in einen endlichen Kett.Br. entwickelbar

2.) Jeder K.B. mit endl. Zahl von Theilnehmern ist in einen gewohnlichen Bruch
verwandelbar

K,, K,, K, ... Ndherungsbriiche bis zur 0**, 1", 2** ... Stelle
qs .Zs—l +Zs—2 — Z

3) K, = .
‘ quv—l + Nv—2 Nv
(K-3)
Zs = qs Zs—l + ZS—Z ’ Nv = qs Nv—l + Nv—2
4) N,-Z_ =Z[]N, = (-1 (K-4)
-1)° 1
5) K, K, =(—); K, -K|=— (K-5)
‘ ‘ Nv : NHI ‘ ‘ Nv : NHI
6.) K, <K, ,K,<K, ,K,<K;..K <K s gerade (K-6)
7) K,>K,,K,>K,..K >K_, ---s ungerade (K-7)
8) K, <K,<K, <K (K-8)

K>K,>K.>K,>---

od. K, <K, <K,
K,<K.<K, Jeder Niherungsbr. liegt zwischen seinen vorausgehenden Niherungsbriichen
K, <K<K,

Mathematische Skizze

Fehler | K. - K |= f <# (K-9)
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Grenzwerte
Summe: Im(®, ¥ ,))=P+¥Y =lim®, £lim¥,
Product: lim(®,-¥,)=®-¥ =1lim®, -lim ¥,

. (@ -
Quotient: lim| —= |= o _ lhlmch
¥ Y limY¥,

lime-®, =c-llm®,
limlog, ®, =log,lim®,

) @ . lim¥
lim® * =lim®, "

n o _—

Wenn; lim , =a So: lim

lim¥

n n

Q |~

Allgemein:
y=flp(x) | y=f(2),z=p(x)

lim@(x) = @(x,) =z, wenn @(x) an Stelle x = x, stetig

X=X

lim f(z)= f(z,) wenn f(z)anderStelle z = z, stetig

= f[lim(p(x)j

X=X

limf(q)(x)) = f[limq)(x)j der lim. einer Function = Function des lim

lim (1 + lj =e
x=x00 X

X=X

Bestimmung

lim(l+£j = ¢f lim—> =1
x=1400 X x—>0 ln(l+x)

(G-1)

(G-2)

(G-3)

(G-4)

(G-5)

(G-6)

(G-7)

(G-8)

(G-9)

(G-10)

(G-11)

(G-12)



lim (1+ax) = ¢* lim2 = 1o
x=0 x=0 X
| 1+ -
lim 0% (1+a@x) _ a im& =1
x=0 X Inb =0 x
| 1+
x=0 X Inb x=0 ¢* —1]
1+x)" =1
lim X =Inb lim ( x) =m
=0 log, (1+x) x=0 X
In(1+ n
i 00) lim® 0
x=0 X n=0n n!
Grenzwerte
i 1+6) -1
lim 22— hmgzy
x=0 X o=0 5
lim B~ =1
x=0 X
Differentialquotienten
_wa dy _ a-1 N r_
y=X —=ax y=sinx ) =cosx
dx
y=>b* dy:b"lnb y=cosx y' =—sinx
dx

(G-13)

(G-13)

(G-14)

(G-15)

(G-16)

(G-17)

(G-18)

(D-1)

(D-2)



X

e +e

—X

y'=e y=coshx= y'=sinhx
, log, e . ,
y =log, x y=—t y =sinh x y'=coshx
X

1
y=h’1x y’:—
X

d(u-v) dv du

Product: =u -—+v[- ==
dx dx dx
Jddu —ul-ld
Quotient: i(ﬂj:"[] u 2”[] v
dx \ v y
w =1+tg’x
dx
dctgx _ —(1+C0t2 x)
dx
dsecx
=tgx-secx
dx
d cosecx
——=—cotx-cosec-x
dx
darcsinx 1
dx 1—x?
d arccosx B 1
dx 1—x?
darctgx 1
dx 1+x°
darcotx B 1
dx 1+x°
darcsecx 1
dx x4/x2 -1
d arcosecx 1

dx xxi -1

(D-3)

(D-4)

(D-5)

(D-6)

(D-7)

(D-8)

(D-9)

(D-10)

(D-11)

(D-12)

(D-13)

(D-14)

(D-15)

(D-16)

(D-17)



Differentialquotienten

Allgemein:  Bogenfunctionen

d arcsin ¢(x) _ o'(x)

dx JI-o(x)’

1.

d arccos ¢(x) _ —¢'(x)

2.
dx 1+p(x)*
3 darctgp(x) _ ¢'(x)
' dx 1+ (p(x))’
4 d arccot- ¢(x) _ o'(x)
' dx 1+ (p(x))’
5 darcsec (x) _ o'(x)
dx P(x)\/(p(x))* ~1
d arcosec ¢(x) o'(x)
6. =— (D-23)
dx P[0T ~1
Logarithm. Function: ilg o(x)= & (D-24)
dx @(x)
Funct. von Funct. E = E d_y
dx dy dx
1 _dx _2x/a+bx _ dx ]
d[gln(avtbx)}—a%x d_ . }_m (D-25)
4l 1 _ dx J ln(ﬂx+wa2+ﬂ2x2) _ dx
b(a +bx) (a +bx)2 Vi [ T pix
(D-26)
d{ ! arctg &} = % d {l arcsin &} = & (D-27)
a-p a a +fx B a o’ — B*x*
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(D-18)

(D-19)

(D-20)

(D-21)
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1.)

2))

2a)

3.)

| 208

X

. 1ln(a+ﬂxﬂ: dx C{W}

d_Lln(aanxz)} = xdx
| 2b

P _ﬂzxz

— Bx

a+ bx*

_a\/a+bx

d[Insinu]=cotudu

2}:\/(a+bx2)3

d[xlnx—x]z

dx d{— 1

mebﬁ}: \/(

In xdx d[-Incosu]=tgudu

(D-28)

(D-29)

(D-30)

(D-31)

1 a+ ptgu du
d In _ =5 2. 02
20 \a—ptgu a“cos u— [ sin" u

ox

Differentialquotienten

Oz 62
ay

ou ou ou

u=F(xyz) du :6_d X +—dy+—dz

oder

oy 0z

y = f (u,v)beide abhingig von x

dy _of .. o

-u' +=—-v'woraus obiges folgt
dx  ou ov

y=f[u(z),v(zl)]...z(x),zl(x)

dy af du

dx  Ou dx

af dv du _du dz dv ﬂ%

ov dx’ dx dz dx dx dz, dx

11

faple2]

a’ cos’ u+ B sin’ u

(D-32)

(D-33)

(D-34)

(D-35)

(D-36)

(D-37)



Implicite Functionen

OF
o Y___ox
F(x,y)=0 i oF
Oy
O’F _O'F
Ox0y  Oyox

Hohere Diff. Quot.

Es sei D(y) = % :D(x*)=px"", D"(x*) = p(u—1)(p=2)..(u~[n—1]x""

D'(a+bx)" =pu(u—-1)..(u—[n—-1])0" (a+bx)*™

. 1 -D"-1-2..n-b"
D = n+l
a+bx (a+bx)

(1" 1-2..(n-1)
xl’l

D"logx=M M = Modul des log. Systems

(=1 1-2...(n=1)b"

D"1 +bx)=M
0g(a+bx) (a+bx)"

D"a* =a* (Ina)"

Dneﬁx:ﬂneﬁx
N
D'smx=sm|—xz+x
2
; _ n
D" cosx =cos 57[+x

Hohere Diff. Quot. zusammengesetzter Funct.

D"(au+bv)=aD"u+bD"v

D"(u-v)=(ny)u-D"v+(n), Du-D"'v+(n), D’u-D"*v+...

12

(D-38)

(D-39)

(D-40)

(D-41)

(D-42)

(D-43)

(D-44)

(D-45)

(D-46)

(D-47)

(D-48)

(D-49)

(D-50)
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2B prnx_D '{;2"'” lnx—(l+l+...+lj (D-51)
X " 1 2 n
D"secx = [(n)1 secx" ™" —(n),secx" ™ +(n) secx" - } tg x
(D-52)
+(n),secx"? —(n), secx" ™ +(n), secx"” —-..
sin (2 n7z+xj
Dn tgx :T_i_[(nl)tgx(n*l) _(n3)tgx(l’l*3) +_..:| tgx (D-53)
+(n2)tgx("72) —(n,)tg X
Y ' (2n+1) xarcsin x4 52 sin 1)
D" arcsin x = 5 (D-54)
I-x
oder
2
D™ aresin x = 1-3-5...(2n-1) {1_ 1-(n),-(1-x) N 1-3-(n), .(l—xj
2" (1= x)' A1 2n—-1-(1+x (n-1)(2n-3) \U+x
(D-55)
- 1-3-5(n), (1—xj3+_._
2n-1)2n-3)2n-5\1+x
(n) _ (n-1)
D" arctg x = 2nxarctgx'’ + n(n2 I)arctg x (D-56)
1+x
oder
—_— n71 . . ce e —_—
D" arctgx=( D' 12 (=) sin(n arctglj (D-57)
Ja+xy x
Hohere partielle Diff. Quot.
2 2 2
dzzzaz—zdx2+2 0z dxdywtgdy2 (D-58)
0" x Ox0Oy 0y
3 3 3 3
d’z =—fdx3 +3 28 z dx’dy +3 0 Zz dxdy’ +a—§dy3 (D-59)
ox 0" x0y Ox0Oy oy

13



0"z 0"z 0"z

d"z=(n), o dx" +(n), NGRS dx""dy +(n), —Gx’“z@yz o
1 1Y ., :
=| —dx+—dy | 0"z symbolisch (D-60)
ox oy
Variable:
\ 11 1) ., : ) :
d"'u=|—+—+—| 0" n Variable /. nichste Seite (D-61)
ox oy Oz

Hohere Diff. Quot. impliciter Functionen

2 2 2 2 2
a{+2af-ﬂ+a{-(@j +@-df=o (D-62)
ox oxoy dx oy” \dx oy dx

3 3 3 2 3 3
%4_3%@4_&&(@) +%(@j +
ox ox“0y dx Oxoy” \ dx oy” \dx
o'f ,d2y+ azf,ﬂ.dzhﬁd}y_o
oxoy dx’ oy* dx dx* Oy dx’

(D-63)

+3

dzy

— unter Einsetzung dieses berechnen u.<nd.> s<iche>

ﬂ nach frither
dx dx

o<ben> schrittweise weiter

12

Differential Quotienten.

Differentiale von Reihen: siche daselbst!

Hohere partielle Differentialquotienten

n unabhingige Verdnderliche:

y=/,(x...x,)

2
:dzyz(a—ydxl—{-a—y dx2+"'+a—y dxnj (D64)

X, OX 2 X

14



d”y=[a—ydxl+-~-+a—y dxnj
OX »

ox,

2 abhingige Variable:

z=f (%),

’ ' ' dy I’(}b)
dy = dx=y'(A)dA, dx=y'(1)-dA, —=2—"=
'y ¢7(X)x ;(() x 1//() 0 y/’(}b)
2
0z 0z 0z 0z
d’z=| —dx+—d —d(dx)+—d(d
o ZarZa |+ Eaag Eaia)
1) d(dx)=0
d(dy)=¢"(x)dx’
IR o
dzz:(a—idxvta—;dyj +(p"(x)dx2-§
2)  d(dx)=d’x=¢"(A)d2’
d(dy)=d’y=y"(A)dA?
oz, oz, ). @ o
d =(—Zd +—Zdyj + E i+ L a2y
ox oy X oy
d3z:(dz)3+a—2zd(dx2)+2 oz d (dxd )+8—2Zd(d )
ox’ Ox0y 4 oy’ 4

y=p(x) ..1)

x=y(1), y=x(4)...2)

wobei: d(dx*)=2dx-d*x=2y'(A)y" (A)dA’

Ausnahme:

Ist

x=p(A)=ai+b

y=x(A)=al+p soist

(D-65)

d’z= (a’z)3 da y'=a, " u<und>f.<folgende>=0

I’ = I"
15

‘6‘6=0

(D-66)

(D-67)

(D-68)

(D-69)

(D-70)

(D-71)

(D-72)

(D-73)

(D-74)

(D-75)

(D-76)

(D-77)

(D-78)

(D-79)



Diff. mehrerer Functionen einer Verdnderlichen.

e a

2 P4
z

y:f(xl ...... )Cn), )Cl:fi(x) ...... xnzﬁq(x)
dx Ox, ox, ox,
2 2
d f{d—yj +1x{'+...ix,’q’
dx dx 8x1 axn
O*F(oF ) _ 82F8F@F+82F(8Fj2
dzy__axz Oy oxoy ox oy oy \ ox
dx® oF 3
y
F(xyz)zO
oF or
_oE_ o O__ v _
S ox oF”’ ay_ ai_q
aZ aZ
82F+282F +82F ,
&:r:_éxz oozt a2 b
o’ oF
0z
O*F +82F N azp N
a—pzﬁza—zz:SZ_a‘xay oxdz ayazp )
oy Ox OxOy OF
oz
O’F _O°F O'F ,
2 3 +2 g+—49
Pz_ o oz &z
ay2 o ai
oz

16

(D-87)

(D-80)

(D-81)

(D-82)

(D-83)

(D-84)

(D-85)

(D-86)

13



Einfiihrung neuer Verinderlicher.

16

dxz 13

d V/’Z" _ Z’l//"
d3 1 l//'3
>y dt

Tangenten u. Normalen

n-y=—(&-x) ..Tg

F(xy)=0  geg. Curve

oF
ox

(f—x)+2—1;(77—y):0 Tang.

(f—x)—a—F(n—y) =0 Norm.

oy ox

x=@(t)

geg. Curve
y=w0&

o' (t)(n-y)-v'(t)(-x)=0  Tang.

v'(t)(n-y)+¢'(1)(E-x)=0 Norm.

17

f }x = /() gesetzt. Sodann: y = f(l//(l‘)) =7(?)

(D-88)

(D-89)

(D-90)

(TN-1)

(TN-2)

(TN-3)

(TN-4)

(TN-5)

(TN-6)



